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Abstract 

We consider a string-inspired, gravitational theory of scalar and electromagnetic fields and 
we investigate the existence of axially-symmetric, Godel-type cosmological solutions. The 
neutral case is studied first and an "extreme" Godel-type rotating solution, that respects the 
causality, is determined. The charged case is considered next and two new configurations for 
the, minimally-coupled to gravity, electromagnetic field are presented. Another configuration 
motivated by the expected distribution of currents and charges in a rotating universe is 
studied and shown to lead to a Godel-type solution for a space-dependent coupling function. 
Finally, we investigate the existence of Godel-type cosmological solutions in the framework 
of the one-loop corrected superstring effective action and we determine the sole configuration 
of the electromagnetic field that leads to such a solution. It turns out that, in all the charged 
cases considered, Closed Timelike Curves do appear and the causality is always violated. 
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1 Introduction 



Einstein's Theory of Relativity has been exhaustively studied for many decades and a 
plethora of solutions, both mathematically and physically interesting, have been determined. 
One of the most fascinating cosmological solutions that emerged from Einstein's equations 
was the Godel-type rotating universe The feature that was most appealing and intensely 
attracted the interest of scientists to these cosmological models was the fact that they admit 
Closed Timelike Curves. This leads to the violation of causality in the universe and to 
the possibility of time-travel into our past or future 

Since their discovery in 1949, several versions and modifications of the Godel cosmologi- 
cal solutions have been considered. Apart from the perfect fluid that gave rise to the original 
Godel solutions, extra fields, i.e. vector [f§ f§] 0, scalar 0, spinor [|] (and their combina- 
tions |§ |1J [[11]]) and even tachyon fields [fL^] , were gradually introduced. Higher- derivative 



gravitational terms were also considered in an attempt to introduce quantum corrections 



to Einstein's theory of gravity Recently, geometrical aspects of Godel-type solutions 
have also been studied, either determining solutions that could be interpreted as the ex- 
terior of Godel spacetimes WM or connecting the 3+1 Godel geometry with a 2+1 anti-de 



Sitter subspace [15]. Five-dimensional models that admit generalized Godel-type solutions 



have also been constructed [16] and the same type of solutions was proved to arise also in 



Riemann-Cartan spacetimes with non-zero torsion ||17|| . 

As it is well known, superstring theory is the most plausible theory nowadays for the 
unification of all forces and the formulation of a quantum theory of gravity. The effective 
theory of heterotic superstrings at low energies provides us with a gravitational theory from 
which the Einstein's theory of gravitation automatically emerges when one ignores all higher- 
loop stringy corrections and assigns constant values to the scalar fields of the theory. On 
the other hand, when one takes into account these extra terms, a generalized theory of 
gravity arises which leads to important modifications when compared to the Theory of 
General Relativity. The question of what happens to the causal pathologies of the Godel- 
type cosmological solutions when one introduces stringy corrections to Einstein's theory 
of gravity inevitably arises. It is, then, necessary to investigate the existence of Godel- 
type solutions and the appearance or not of Closed Timelike Curves in the framework of 
the superstring effective theory. Barrow and Dabrowski |TB[ tried to answer this question 
and studied the one-loop corrected superstring effective theory in the string frame (and the 
lowest order in the Einstein frame) by considering a non-zero dilaton and axion field. They 
found that, in the context of this specific theory, Godel universes do not contain Closed 
Timelike Curves and the causality need not be violated. Here, we will try to extend their 
work and study the full one-loop superstring effective theory in the Einstein frame. We will 
consider all four scalar fields, as well as higher-derivative gravitational and electromagnetic 
terms. However, our analysis will be greatly simplified by the fact that all higher- derivative 
gravitational terms identically vanish for a Godel spacetime. 

The structure of this article is as follows : in section 2, we present the action functional 
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of the theory and derive the corresponding equations of motion in an axially-symmetric 
spacetime background. In section 3, we study the neutral case where scalar fields minimally- 
coupled to gravity give rise to Godel-type cosmological solutions. The charged case is con- 
sidered in section 4 and the equations of motion are conveniently formulated. In the same 
section, we deal with the problem of the simultaneous existence of an electromagnetic and 
scalar fields all minimally-coupled to gravity. All the possible configurations for the elec- 
tromagnetic components that lead to Godel-type rotating universes are determined and the 
solution for the scalar fields is presented. In section 5, the physically favoured case of a 
constant magnetic field along the rotation axis together with a radial electric and magnetic 
component is studied and proved to be compatible with an axially-symmetric universe only 
in the case of a space-dependent coupling function. The non-trivial interaction between the 
electromagnetic and the scalar fields in the framework of the one-loop corrected, superstring, 
effective theory is the basic feature of the gravitational theory considered in section 6. There, 
the possible configurations of the electromagnetic field that lead to Godel-type universes are 
re-examined and the solution for the scalar fields is determined. Section 7 is devoted to the 
conclusions derived from our analysis while some useful formulae and equations are displayed 
in the Appendix at the end of the paper. 

2 Action Functional and Equations of Motion of the 
Theory 

We consider the following, string-inspired, generalized theory of gravity which describes 
the coupling of four scalar fields and the electromagnetic field to gravity 

Seff = /^v^jf + \{0^f + \e^{d,af + \{d,af 

+ - A e~ 2 ° (d.b) 2 + h Kb + f 2 nn + / 3 f^f, v + / 4 ff| . (2.1) 

In the above, is the dilaton, a and b the axions and a the modulus field. The gravitational 
and electromagnetic quantities that appear in the above expression are defined as 

K 2 GB = R^R^-AR^R^ + R 2 , (2.2) 

Tin ee v ^R K l u R paKX , (2.3) 

FF ee r]^F^F pa . (2.4) 

In the framework of the one-loop corrected, effective theory of heterotic superstrings at 
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low energies the coupling functions fi have the form 

where a' is the inverse string tension and the functions A, G, A and G depend only on the 
scalar fields b and a. However, during the following sections, we are going to assume that 
the coupling functions /j are zero, constant, space-dependent or field-dependent according 
to the type of gravitational theory considered each time. 

We assume that the universe is described by the following axially-symmetric line-element 

ds 2 = [dt + C{r)d V ] 2 -dr 2 -dz 2 - D 2 {r)d V 2 

= dt 2 - dr 2 - dz 2 - (D 2 - C 2 ) d^ 2 + 2C(r) dt dip . (2.6) 

By making use of the no n- vanishing components of the curvature tensor R pupa , of the Ricci 
tensor R pv and the scalar curvature R, which are given in the Appendix, it is easy to see that 
both of the higher- derivative gravitational terms TZ 2 GB and 1Z1Z vanish identically. Then, the 
variation of the action functional of the theory with respect to the scalar fields, the metric 
tensor and the electromagnetic potential leads to the following set of equations of motion 

' d,[yf^dy] = -e- 2 *(d,a) 2 + 2^F^F„ u , (2.7) 



1 a r n— .-20 a« 1 _ o <M± 



-g da 



dpW^gPa] = -e-^id.bf + | ^ F^F m + ^FF, (2.9) 



/ =ff " LV * J v " ' 3 da ^ 3 da 



2dh ™^ , 2 9/4 



d»[V=g-e- 2 °d%] = - + (2.10) 



/=j " lv * J 3 c>& M1/ ' 3 96 



- \ 9,uR + 4 h {F;F VU - ± g pv F^F pa ) = ~ (d„<f>) (d„<f>) 

1 e~ 2 ^ 1 3 

+ i ^ (^) 2 - -y (d„a) + - g, v e- 2 \d p a) 2 - - (d p a) {d v a) (2.11) 

+ \ 9Ad P °? ~ \ e- 2c {d,b) {d v b) + ? e- 2 °g pu (d p b) 2 , 
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-^=d,[^f 3 F^] + -^=d,[^UF^]=0, (2.12) 

where we have assumed that the functions f% and / 4 depend on spacetime either directly 
of through their dependence on the scalar fields. In the latter case, there is a non-trivial 
coupling between the scalar fields of the theory and the electromagnetic field. 



3 The Neutral Case 

In this section, we ignore the electromagnetic field and concentrate our attention on the 
Einstein's equations, = — T* where T^ v is the energy-momentum tensor of the scalar 
fields. The non- vanishing components of both the Einstein and the energy-momentum tensor 
are also given in the Appendix. We notice that simple relations hold between the various 
components of T* u , namely 

TL = ~T: r , T^ = (C 2 -D 2 )T t s t , T t % = CT° t . (3.1) 

By making use of the above relations, we can determine the solution for the metric functions 
C and D in the presence of multiple scalar fields in the theory. Rearranging the (tt) and 
(tip) components of the Einstein's equation as well as the (tt) and (<p<p) components, we find 
the constraints 

C" = ^ , C' 2 = DD" , (3.2) 

respectively, where the prime denotes derivative with respect to the radial coordinate r. 
However, doing the same with the (rr) and (zz) components, we are led to the result D" = 0. 
Then, the general solution of the above system is : D(r) = d\ r + d 2 and C(r) = c\. If the 
line-element (|2.6| ) is to describe a rotating universe with the function C(r) being the analog of 
its angular momentum, then on the z-axis, that is in the limit r — > 0, both of the functions 
C(r) and D 2 — C 2 must vanish. This leads to c\ = d,2 = and the vanishing of the g tip 
component of the metric tensor. Redefining the angular coordinate if in order to absorb the 
arbitrary constant di, the line-element ( |2.6| ) reduces to that of a non- rotating, spherically- 
symmetric universe. Finally, by rearranging the (tt) and (rr) components of the Einstein's 
equations, we obtain the following relations 

(d r ct)) 2 + e" 2 ^ (d r a) 2 + 3 (d r a) 2 + 3 e~ 2<T (d r b) 2 = , (3.3) 

(d z <P) 2 + e- 2<t> (d z a) 2 + 3 (d z a) 2 + 3 (d z b) 2 = . (3.4) 

According to the above constraints, each one of the derivatives of the scalar fields with 
respect to r or z must vanish. In other words, the only acceptable solution for the scalar 
fields is the trivial one : = a = a , a = a and b = b where O > a o> a o an d b are 
arbitrary constants. 
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However, if we include in the theory the cosmological constant A, the Einstein tensor 
should be replaced by G^ u + Ag^ u . In this case, the constraints ( |372| ) are still valid but, 
now, the rearrangement of the (rr) and (zz) components of the Einstein's equations gives 
the result 

D" 

— = -2A . (3.5) 

The combination of the above relation with the second one of (§3) leads to : C' 2 = -2A D 2 
which means that the cosmological constant must be always negative in order to ensure the 
reality of the functions C and D. If we demand that, in the limit r — > 0, both of the functions 
C and D 2 — C 2 must vanish, the general solution of the system (|3.2|)-([3~5"1) takes the form 



D(r) = — sinhirar) 
m 



C{r) 



1 



cosh(mr) 



2 2 mr , 
— sinh 



(3.6) 



(3.7) 



m ' m "2 

where m 2 = — 2A. The above solution for the spacetime is a Godel-type solution which is 
defined as [0 



ds 2 



, 4ft . 2 mr 

at H sinh ( — ) dip 

m 2 2 



— dr — dz — 



sinh 2 (mr) 



77T 



dip 2 



(3. 



where again m 2 = — 2A and ft is the rate of the rigid rotation of the matter around the 
z-axis. In the case of the original Godel universe, the matter is a perfect-fluid with an 
energy-momentum tensor of the form T^ v = pV^V v , where V 1 = 5$ the fluid four-vector 



- \w — y " M 

velocity and p the density of matter. The g w component of the Godel metric 
form 



m z 2 



1+1- 



mr s 



sinh ( 



1) has the 



(3.9) 



and it is obvious that for 4ft 2 > m 2 , the g w component may become positive for a range of 
values of the radial coordinate r leading to the existence of Closed Timelike Curves (CTC's). 
The solution found above (p .6|)-( pT7|) constitutes a Godel-type solution with 4ft 2 = m 2 . It is, 



actually, a limiting case of a Godel-type universe that ensures the non-existence of Closed 
Timelike Curves. The same type of solution was found in the case of an electromagnetic 
field minimally coupled to gravity j[0| and in the framework of a higher-derivative gravi- 
tational theory [|T^] and it was shown that this "extreme" Godel-type solution, although 
"on the verge" of displaying the breakdown of causality, is free of any Closed Timelike 
Curves Pj P|. 



Next, we concentrate our attention on the scalar fields. Their dependence on the spatial 
coordinates is strongly restricted by the constraint 



d r 6 d z 6 + e" 20 d r a d z a + 3 d r a d z a + 3e~ 2a d r b d z b = 



(3.10) 



which follows from the (rz) component of the Einstein's equations. We shall consider the 
most general case in which all the scalar fields depend on the r and z coordinates due to the 
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staticity and axial symmetry of the spacetime. The remaining components of the Einstein's 
equations give the following constraints 

-2A = {d r <j>) 2 + {d z <j>) 2 + e- 2 *[{d r a) 2 + {d z a) 2 }+3[{d r <j) 2 + {d z <j) 2 } 

+ 3e-^[(d r b) 2 + (d z b) 2 }, (3.11) 

-2A = -(9 r 0) 2 + (^0) 2 + e- 2 ^[-(a r a) 2 + (9 2 a) 2 ]+3[-(9 r( T) 2 + (9 2 a) 2 ] 

+ 3e-^[-(d r b) 2 + (d z b) 2 ] . (3.12) 
Rearranging the above expressions, we are led to the results 

(d r <f)) 2 + e~ 2(t> (d r a) 2 + 3 (d r a) 2 + 3 e" 2 * 7 (d r b) 2 = , (3.13) 

(<9 2 0) 2 + e~ 2 * (d z a) 2 + 3 (d z a) 2 + 3 e~ 2cT (d z b) 2 = -2A . (3.14) 

The former constraint is satisfied only if we assume that the scalar fields do not depend 
on the radial coordinate. In this case, the supplementary constraint (|3.10|) is automatically 
satisfied. The latter constraint leads to the following dependence of the scalar fields on the 
coordinate z 

= 00 + 01-2 , a = a + <x\ , (3.15) 

a = a + o\ z , b = bo + bie a , (3.16) 

where 0j, a i: <ii and bi are constants. If we substitute the above expressions for the scalar 
fields in their equations of motion, we find some further constraints, namely 0i a% = and 
o"i bi = 0, which means that not both of the pairs (0, a) and (a, b) can have a non-trivial 
solution. If we choose to set 0i = 0\ = in order to satisfy the above constraints, then, the 
second pair of scalar fields (a, b) is inevitably led to the trivial solution as well. If, on the 
other hand, we set a\ — b% — 0, the dilaton and modulus field can still preserve a non-trivial 
form. As a result, the most interesting solution for the scalar fields is the following 

= 0o + 0i z , a = a , a = a + a\ z , b = b , (3-17) 

where 

-2A = 2 + 3(x 2 . (3.18) 

Similar results for the dilaton and axion field a were found by Barrow and Dabrowski [18 |. 
Here, we have also included the axion field b and the modulus a, that are present in the low- 
energy effective string theory, and shown that the solution for the metric remains unchanged. 
Moreover, from the above analysis, it is easy to conclude that a theory with an arbitrary 
number of multiple scalar fields formulated in the following way 

S = Jd 4 x^ jl-A + ^I^^ + ^e-^^^j (3.19) 
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always accepts axially-symmetric spacetime backgrounds of the form (|2.6| ) and (0|)-( 3?7D 
with the scalar fields given by 

^ = 0* + z , a = al (3.20) 
and with the constants 4>\ satisfying the constraint 

JV 

-2A = 5>1) 2 - (3.21) 



8=1 



4 EM and Scalar Fields : Minimal Coupling 



Next, we assume that an electromagnetic field, in the form of F^F^ and FF, is included 
in the theory with coupling functions f 3 and / 4 , respectively. In this case, the Einstein's 
equations are supplemented by Maxwell's equations that come from the equation of motion 
of the electromagnetic field ( [2.12|) . The exact form of both sets of equations are displayed 
in the Appendix. The relations ( |3.1| ) between the components of T® still hold and may be 
used once again in order to derive a number of constraints on the metric functions C and 
D. Rearranging accordingly eqs. (TA~T7| )-( [A~T8|) , ( |A~T6|) -( [A~T9D and flOED - flPDD , we are led 
to the following constraints 



D" 

- + 2A 



4/ 3 Fl + Fl (g*0g 



tip tip 



9 tt 9 w ) 







(4.1) 



CC" -DD" + C 

C" 
"2" 



12 



CCD' 



D 



4/3 FL + Fl - {C 2 - D 2 ) (F 2 r + F t 



CD' 
2D 



+ 4/3 [F tr F vr + F tz F vz - C (F 2 + Fl)] = . 



(4.2) 



(4.3) 



Moreover, one could express the derivatives of the scalar fields with respect only to r or 
only to z in terms of the metric functions and the various components of the electromagnetic 
field. Adding or subtracting the (tt) and (rr) components of the Einstein's equations and 
by making use of the above constraints ( |4.1| )- fl4"T3| ), we obtain the results 

{d r 4f + e~ 2 * {d T af + 3 {d r af + 3e~ 2 ° (d r b) 2 = 8f 3 (F 2 Z - F 2 



8 -^{F* t -F 2 z -C 2 Fl + 2CF tz F, 



IfiZ I ) 



(4.4) 



C 



(d z <P) 2 + e~ 2 * (d z a) 2 + 3 (d z a) 2 + 3 (d z b) 2 = — + 8f 3 (f 2 z + F 2 r 

+ J& ( F lt + F% + C " Fl ~ 2C F tz F vz ) . (4.5) 
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The substitution of eqs. (|A.16|) - (|A.20|) by the constraints (|Q| )-( ^5l) allows us to determine 
first the form of the metric functions C and D in terms only of the non- vanishing components 
of the electromagnetic field, through eqs. ( f4.1|) -( fl3"l) , and subsequently the solution for the 
scalar fields, through eqs. (|4.4|)-(|4~5|). 



We start the study of the charged case by first considering the minimal coupling of the 
electromagnetic and scalar fields to the gravitational field. As a result, we are going to 
assume that both of the coupling functions and f± do not depend on spacetime and 
set fs = fi = —1/4. The necessary and sufficient conditions for the existence and space- 
time homogeneity, at the same time, of a Godel-type axially-symmetric universe are the 
following JTOfl 

D" C 

-jj = const. = — 2A = m 2 , — = const. = 2Vt (4-6) 



By studying eq. ( |4.1| ), it is straightforward to see that the first condition is satisfied if 
we assume that F rz = F tip = 0, i.e. if that both the electric and magnetic components 
along the (p direction vanish, an assumption easily accepted given the cylindrical symmetry 
of the problem. The second condition is satisfied if we assume that the combination of the 
components of the electromagnetic field that appears inside the brackets in eq. ( |4.3| ) vanishes, 
too. Then, eq. (|4.2|) provides us with a relation between the different parameters of the 
theory. Note, that once these two conditions ( p~6| ) are satisfied, a Godel-type cosmological 
solution appears independently of the existence or not of scalar fields in our theory. 

Godel-type cosmological solutions, in the case of a minimally coupled electromagnetic 
field but in the absence of scalar fields, already exist in the literature : the Som-Raychaudhuri 
solution H and the Rebougas solution ||. The Som-Raychaudhuri ansatz for the electro- 
magnetic field has the form 
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pvrfa z ) = - v , F rt (r- z) = C(r) F w . (4.7) 

D(r) 

When written in terms of covariant components, the above ansatz gives rise only to a mag- 
netic field along the z axis : B z = F vr = \jAVt 2 — m 2 D(r). In this case, both of the conditions 
( [4.6| ) are satisfied giving rise to a Godel-type solution for the spacetime while the equations 
for the electromagnetic field (|A.27 )- (|A.3Q ) are satisfied only if we assume the presence of a 



continuous electric-charge distribution with charge density given by : p = § V4fi 2 - 2m 2 . 
On the other hand, the Rebougas solution assumes the ansatz 



tz 



A sin{2flz) , F vz = C(r)F tz , F^ r = -A D(r) cos(2Qz) , (4. 



where A = y/4Q 2 — m 2 . The above ansatz also satisfies the conditions (|4.6|) as well as the 
source-free Maxwell equations ( |A.27| )-( [A.30| ). 



As Raychaudhuri and Guha Thakurta have pointed out in their work || , there are more 
than one ansatzes for the form of the electromagnetic field that may lead to the same Godel- 
type cosmological solution. In this section, we make a thorough analysis of the possible 
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configurations of the electromagnetic field and present the remaining solutions. Since the 
first of the conditions ( |4.6| ) is easily satisfied by setting F rz = F ttp = 0, we concentrate our 
attention on the constraints ( |4.2|) -(4.3) looking for all the possible, non-trivial combinations 



of the components of the electromagnetic field that respect the second condition. We notice 
that these constraints are characterized by a "duality", i.e. they remain invariant under 
the interchange of the indices r and z in the components of the electromagnetic field. As 
a result, we are led to consider the "dual" forms of the aforementioned solutions 04.71) and 



(|4.8|) . We start with the Som-Raychaudhuri-dual solution and consider the ansatz 



B r = F zip = V4fi 2 - m 2 D(r) . (4.9) 



It is easy to see that this ansatz satisfies both of the constraints (|4.6|) leading to a Godel-type 
solution of the form ( |3.8| ). As in the original Som-Raychaudhuri solution, we are forced to 
introduce a source term in order to satisfy Maxwell's equations (|A.27|) - (|A.30|) . However, in 
this case the source term corresponds to a distribution of magnetic monopoles instead of 
electric. Following Dirac's example p0| , we introduce, apart from the electric four-current 



J 71 = {Pij}i a magnetic four-current fc M = {rj, k} and write Maxwell's equations ( |2.12|) in the 
more general form 



'-9 



-(f + k»). (4.10) 



Then, the substitution of the ansatz (|4.9|) into the above equation leads to the determination 
of a magnetic charge density equal to : 

\fAQ? - m? D' 
V = 1 ^- (4-11) 

The magnetic monopoles are spread all over the universe as their corresponding density 
vanishes at the origin while it approaches a constant value at infinity. 

Finally, the "dual" ansatz of the Rebougas solution (|4.8|) can be written in the form 



v / 4l> - in 



2 yy~t 2 

72" 



■tr , F w = C(r) F tr , F vz = D(r) F tr . (4.12) 



As the original Rebougas solution, the above "dual" solution leads to a Godel-type universe 
( |3.8| ) and satisfies the source-free Maxwell's equations. As a matter of fact, the substitution 
of the above ansatz into the generalized Maxwell's equations ( 4.10|) leads to non-vanishing 
expressions for the electric and magnetic-charge densities, i.e. 

P = , n= D (4.13) 

which, however, being exactly opposite, cancel each other. If we set F vz = 0, the solution 
for the spacetime remains unchanged and, as a result, the following combination of F tr and 
F vr alone 

F tr = - m 2 , F vr = C(r)F tr (4.14) 
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is an acceptable solution of eqs. (|4.1|) - (|4.3|) by itself. However, the vanishing of the com- 
ponent Fp Z necessitates the introduction of a source-term into Maxwell's equations. The 
corresponding electric-charge density that follows has the form 



V4fi 2 - m 2 D' 

» = < 4 - 15 > 

As in the case of the Som-Raychaudhuri-dual solution, the electric monopoles are spread all 
over the universe. The "dual" solution of this last combination can be written as 



tz 



V4fi 2 - m 2 , F vz = C{r)F tz (4.16) 



and leads, as we expect, to a Godel-type universe of the form (|3.8| ). The electric-charge 
density found above is substituted, in this dual case, by a magnetic-charge density of the form 
r] = ^ — m 2 . The above density corresponds to a homogeneous, constant distribution 

of magnetic monopoles. 

The modification ( |4.10| ) of Maxwell's equations is acceptable only in the case where 
the corresponding source-terms do not act as an additional source for the gravitational 
field and, thus, do not destroy the Godel-type cosmological solutions. In other words, the 
introduction of charge and current densities in the Maxwell's equations result from the 
introduction of the term —2(j^ + k^A^ in the Lagrangian of the theory, where is the 
electromagnetic potential. In principle, such a term could enter the Einstein's equations 
and cause the violation of the Godel conditions ( [4.61 ). In the cases of the Som-Raychaudhuri 
ansatz ( |4.7| ), the Rebougas ansatz ( |4.8| ) and their "dual" ansatzes ( |4.9| ) and ( |4.12|) , the source- 
term (j^ + k^A^ vanishes identically and, thus, does not affect the Einstein's equations and 
the solution for the spacetime. On the other hand, the ansatzes ( |4.14| ) and ( |4.16|) introduce 



a non-vanishing source-term in the Lagrangian which depends non-trivially on the spacetime 
coordinates and thus modifies the Godel-type solution. As a result, these two ansatzes fail 
to lead to a Godel-type rotating universe and, thus, they will not be considered any longer. 



All of the above solutions for the spacetime and electromagnetic field are compatible with 
the existence of scalar fields, minimally-coupled to gravity, in the theory. The constraints 
can, now, be written as 



{d r <Pf + e" 2 ^ {d r af + 3 (cW) 2 + 3 e" 2<T {d r bf = 2 



Fl + 



CF " 2 



Hz, 



D 2 



(4.17) 



{d^f + e~ 2 * {d z af + 3 {d z af + 3 e~ 2CT (d z b) 



4Q 2 



2 , {F<p Z - C F tz ) 2 



F z 4- 

r tr ^ 



D 2 



. {All 



For all the solutions found above, the right-hand side of the above equations is a constant 
and, as a result, the dependence of the scalar fields on the coordinates r and z can be 
linearly at the most. When one considers the contribution of the electromagnetic field in 
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the right-hand-side of eqs. ( |4.17D - (|4.18|) , it turns out that these solutions form two distinct 
groups : for the Som-Raychaudhuri fl4.7| ) and the Rebougas ( |4.8| ) ansatzes, the contribution 



is identically zero while, for the Som-Raychaudhuri-dual (4J3) and the Rebougas-dual ( 4.12 
ansatzes, is not zero. This means that, for the first group, the scalar fields depend linearly 
only on the coordinate z while, for the second group, a linear dependence also on the radial 
coordinate seems to be possible. However, when the corresponding expressions for the scalar 
fields are substituted into their equations of motion, the radial dependence disappears and 
the final solution takes the form 

4> = 0o + 0i z , a = a , a = a + o x z , b = b , (4.19) 

where now 

2 + 3(X 2 = 4fi 2 . ( 420 ) 

The above solution strongly resembles the one derived in the neutral case. This result was to 
be expected due to the absence of any interaction between the electromagnetic and the scalar 
fields. We may then conclude that the only effect of the introduction of the electromagnetic 
field is the modification of the relation between the fundamental parameters of the theory : 
instead of AQ 2 = m 2 holding in the neutral case, we now have 

4ft 2 -m 2 = Q 2 , (4.21) 

where Q plays the role of the electric or magnetic charge depending on the "flavour" of the 
component of the electromagnetic field considered each time. A result similar to ( [4.19| ) for 



a single scalar field minimally coupled to gravity and in the presence of an electromagnetic 
field was derived in fllUfl . Here, we presented the result for four scalar fields and for all 



possible configurations of the electromagnetic field that lead to a Godel-type universe. Once 
again, the generalization of the above result for the case of multiple, minimally-coupled to 
the gravity, scalar fields is straightforward. 



Finally, the question concerning the existence or not of Closed Timelike Curves in the 
presence of the electromagnetic field has to be addressed. The new relation (|4.21| ) between 
the fundamental parameters of the theory leads to the result 4f2 2 > m 2 . When this inequality 
is put together with the expression ( |3.9| ), we may easily conclude that the appearance of 
Closed Timelike Curves for a certain range of values of the radial coordinate r is inevitable. 
No matter how harmless the modification of the relation between the parameters of the 
theory may seem at first sight, it causes the breakdown of the causality in our Godel-type 
axially-symmetric universe (|3.8j). 



5 EM : Non-minimal Coupling 

In the previous section, we considered all the possible configurations of an electromagnetic 
field that may lead to a charged Godel-type universe. Although all of the solutions found are 
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theoretically acceptable since they constitute solutions of the equations of motion, some of 
the ansatzes concerning the non-vanishing components of the electromagnetic field are more 
physically preferable. If we accept the assumption of a homogeneous distribution of electric 
charges over the universe, then, in the case of a Godel-type universe, every point-charge 
rotating around the z-axis creates a current loop. The net effect of all these tiny currents 
is the creation of multiple "solenoids" around the z-axis with radii varying from zero to 
infinity. An observer located in a point along the z-axis would detect a constant magnetic 
field induced by the total current carrying by the "solenoids" . 

So, if we assume that B = z fi Q i, where i the total current and /xq the permeability of the 
free space, and go back to constraints (|4.1| )- (|4.3| ), we observe that, although the conditions 



(|4.6|) for a Godel-type spacetime are still fulfilled, the constraint ( |4.2j ) is not satisfied in the 
case of the minimal coupling, i.e. in the case of a constant coupling function / 3 . However, 
if we assume that the electromagnetic field is non-minimally coupled to gravity and assume 
the space-dependence of the coupling functions f 3 and / 4 , the following relation 

4ft 2 -m 2 = /i 2 i 2 (5.1) 

between the fundamental parameters is obtained once we assume that fs(r) = —D 2 (r)/A. 
Note that, as in the minimal-coupling case, the coupling function f 3 has to be negative in 
order to ensure the positivity of the tt-component of the energy-momentum tensor of the 
electromagnetic field. 

When the ansatz for the electromagnetic field is substituted into Maxwell's equations 
flPTD - flOOD , we obtain the following expressions for the electric-charge density and the 



density of electric current along the (p direction 

fx i (CD)' iM iD> 
P ~ 4 D ' AD' [b > 

respectively. While the density of the electric current vanishes on the z-axis and becomes 
constant at infinity as expected, the electric-charge density also vanishes at the origin but 
diverges at infinity. This ill behaviour of the electric-charge density makes our ansatz con- 
siderably less attractive. Moreover, a non-trivial source-term of the form j l A t enters the 
Lagrangian putting in risk the Godel-type character of our spacetime. 

However, the consideration of a constant, magnetic field along the z-axis does not com- 
plete the picture of a charged, rotating universe. There are additional components of the 
electromagnetic field which are highly probable to exist and should be accommodated in our 
theory. For example, in a rotating universe, there might be a steady distribution of electric 
or magnetic monopoles along the z-axis, thus, creating a radial electric or magnetic field, 
respectively. We start with the introduction of a radial electric field : the conditions ( |4.6| ) 
for the existence of a Godel-type universe are fulfilled and the fundamental relation (|5.1|) is 
recovered, if the electric field and the coupling function / 3 satisfy the following relations 

F vr n i _ C 2 (r) 

htr ~W)~c 2 V) ' /3_ T' [ } 
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respectively. The substitution of the combination of F w and F tr into Maxwell's equations 
( |A.27| )-( [A.30| ) leads to the elimination of the charge-current density j v while preserves the 
existence of the divergent electric-charge current p and the corresponding source-term j l A t 
in the Lagrangian. 

As a last resort, we include in the theory a radial magnetic field F ztp . By following a 
similar procedure, a Godel-type universe does indeed arise if we assume, apart from the 
relations (|5.3| ), that F ztp = D(r)F tr . When the three components F vr , F tr and F ztp are 
substituted into Maxwell's equations, we see that the above combination of the components 
of the electromagnetic field satisfies the source-free Maxwell's equations and that the ill- 
behaved electric-charge density p is eliminated once we assume that / 4 = / 3 . Actually, 
the above combination of electromagnetic components is a Rebougas-dual type of solution 
which in the minimal-coupling case satisfied the source-free equations as well. In the present 
case, we demanded a constant, magnetic field along the z- axis and, subsequently, a radial 
electric and magnetic field according to the expected distribution of charges and currents in 
a rotating universe. Then, the introduction of space-dependent coupling functions ensured 
the existence of a Godel-type rotating universe. 

Although the magnetic field takes on a constant value as we assumed motivated by 
the corresponding behaviour of a magnetic field in Minkowski spacetime, the other two 
components adopt a different behaviour. For a linear, constant distribution of electric or 
magnetic charges, in Minkowski spacetime, we anticipate to find a radial electric or magnetic 
field decreasing with the radial distance from the origin. However, in a Godel-type spacetime, 
the electric field behaves as E r ~ 1/r 2 near the origin while decreases exponentially at 
infinity. On the other hand, the radial magnetic field scales as B r ~ 1/r near the origin, as 
expected, but assumes a constant value at infinity which leads to an infinite total amount 
of magnetic charge. At the end of the day, the corresponding magnetic-charge density 
associated with B r cancels out the divergent electric-charge density p leaving the three 
electromagnetic components to satisfy the source-free Maxwell's equations. 



Finally, let us add here that the fundamental relation ( |5.1|) leads again to 4fr > m 
and to the existence of Closed Timelike Curves according to eq. ( |3.9| ). It seems that the 
introduction of an electromagnetic field, coupling minimally or non-minimally to gravity 
and being induced by an electric or magnetic charge or electric current, always results in the 
breakdown of causality in a Godel-type universe. The accommodation of multiple, minimally- 
coupled to gravity, scalar fields of the form ( [4. 19| ) although compatible with the above picture 



can not lead to the restoration of causality of our Godel-type universe. 



6 EM and Scalar Fields : String Coupling 

In this section, we assume the presence of an electromagnetic and scalar fields minimally- 
coupled to gravity but with a non-trivial interaction between them. Thus, we assume that 
the coupling functions ^3 and fi are field-dependent ( |2.5| ) in agreement with the one-loop 
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corrected superstring effective theory. For simplicity, we are going to consider the case where 
only the dilaton <fi and axion a fields are present in the theory and ignore the moduli fields 
b and a. More specifically, we consider the following action functional 

Se// = /^v^{§-A + i(^) 2 + ^^ (6.1) 



The possible configurations of the electromagnetic field capable of leading to Godel-type 
cosmological solutions, in the minimal-coupling case, were studied in section 4. Here, we 
will attempt to generalize those ansatzes in the case of field-dependent coupling functions 
in such a way as to ensure the existence of a Godel-type universe. We anticipate that the 
dependence of the coupling functions on the scalar fields will be appropriately absorbed in 
the ansatzes for the electromagnetic components as well as in the expressions of the electric 
j M and magnetic k 11 four-currents. However, the coupling between the electromagnetic and 
scalar fields may result in a spacetime dependence for the fields <fi and a different from the 
one found in section 4. We may, thus, write the expressions for the scalar fields in the 
following way 

(j>{r,z) = <f) {0) {z) +a'4>{r,z) , a(r, z) = a (0) + a' a{r, z) , (6.2) 

where <j)^ and are the zero-order solution for the scalar fields which follow if we set a' = 
and which are given by eq. ( |3.17| ). Since, in the above Lagrangian, we have considered only 
terms up to O(o!) in the Regge slope, we must ignore all terms in the equations of motion 
that are of 0(a' 2 ) or higher. As a result, the coupling functions and which are already 
of 0(a') will contain only the zero-order expression for the scalar fields and have the form 

a'e*°+fr* a'a 

h- ^- > h ~~w ( ) 

We start with the Som-Raychaudhuri generalized ansatz for a magnetic field which can 
be written as 

F^ r (r,z) = Qe-^ 2 D(r) . (6.4) 

If we allow the above magnetic field to satisfy the generalized Maxwell's equations ( |4.1U| ), 
we are led to the determination of the corresponding electric and magnetic-charge density 
necessary to support this magnetic field. They are given by 

where, now, from eq. ( |3.18| ) <ft 2 = m 2 and where we have set a = 1 for simplicity. The more 
complex Rebougas ansatz now takes the form 



tz 



Q e^' 2 sin{2Vtz) , F vz = C{r) F tz , F vr = -Q e'^ 2 D(r) cos{2Vtz) (6.6) 
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and the corresponding electric and magnetic-charge density are found to be 

P = iP~2 Q e H2 sin(2Qz) , rj = Q e -^ 2 cos(2Qz) . (6.7) 

The "dual" forms of the above ansatzes demand a rather complex distribution of electric 
and magnetic charges and currents. Namely, for the Som-Raychaudhuri-dual ansatz 

F zv = Qe-^ 2 D(r) , (6.8) 

we obtain 

a ' h Qe^^- , V = -^Qe~^^- (6.9) 



lQg 2 ^ D ' 8g 2 ^ D 



while, for the generalized Rebougas-dual ansatz 



V2 

we are led to the expressions 



F tr = e^ /2 , F vr = C(r) F tr , F vz = -D(r) F tr , (6.11) 



_ a'Qe^ 2 ( D' fcgx olQe^l 2 ( D> faCs 

P ~ 8V2g 2 2D) ' V ~ 8v V 2D ) ^ 

^ = ^2-^ , ^ = -^2-^. (6.13) 

16 v^ 2 D 16V2g 2 D v ; 



Finally, and in order to complete the picture, we reconsider the ansatzes ( [4. 14j ) and ( [4.16| ), 
which in the minimal-coupling case were ruled out. In its appropriately generalized form, 
the ansatz ( |4.14|) reads 



Ftr = Qe -<t>/ 2 } F l/>r = C(r)F tr ( 614) 

leading to the results 

-^L e^ 2 — r.-^lne'^ 2 - (Q 15) 

r=o , kV = -Tir 2Q —> (6 - 16) 

while, for its "dual" ansatz 

F tz = Qe-^ 2 , F vz = C(r)F tz , (6.17) 
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we obtain 

In this form, with the electric and magnetic densities of charges and currents explicitly 
written, we may easily detect the actual electric-magnetic duality relations that hold between 
some of the ansatzes and connect with F^ v = \rj^ p<T F prT . The Som-Raychaudhuri 
ansatz ( p.4|) and the ansatz (|6.17|) are connected by the duality transformations 



F^-F , f -> jfe" , F -> -f , <p^-<p (6.19) 

and the same holds for the Som-Raychaudhuri-dual ansatz ( |6.8|) and the ansatz Q6.14Q . The 
dilaton participates in the duality transformations due to the non-trivial coupling between 
this field and the electromagnetic one. The same duality but without the participation of the 
dilaton field was also valid in the minimal-coupling case studied in section 4. This duality is 
always valid in the source-free case, breaks down when the electric four-current j p is included 
in the theory and is restored only after the introduction of the magnetic four-current k p PU . 



All of the above generalized ansatzes for the electromagnetic field respect the conditions 
and, in principle, lead to a Godel-type rotating universe of the form ( |3.8| ). However, 
in almost all of the cases, a non-trivial source-term (j M + k^)A p enters the Lagrangian 
and subsequently the Einstein's equations destroying eventually the Godel-type solution for 



the spacetime. In the case of the Som-Raychaudhuri-dual ansatz ( |6.8| ), we found the non- 
vanishing source-term j^A^ to be a constant. Such a source-term could be absorbed in the 
cosmological constant of the theory leading once again to a Godel-type universe. However, 
it turns out that the combination of the source-term and the kinetic term F py F^ u vanishes 
identically which leads us to the results of section 3 for an uncharged Godel-type universe. 

The only ansatz, for which this source-term is identically zero, is the generalized Som- 
Raychaudhuri ansatz (|6.4j). As a result, this is the only acceptable solution for the electro- 
magnetic field since it leaves unchanged the Einstein's equations while satisfies the source- 
full Maxwell's equations at the same time. On the other hand, the required distribution 
of electric and magnetic charges is finite and homogeneous in radial space and, thus, more 
physically favoured with the corresponding current densities being identically zero. For this 
solution, the constraint ( |4.2|) leads to the following relation of the fundamental parameters 
of the theory 

a' 

Atf-m 2 = —Q 2 . (6.20) 
2g 2 

We observe that the introduction of a non-trivial interaction between the scalar fields of the 
theory and the electromagnetic field does not restore the causality of the axially-symmetric 
spacetime since the above relation results, once again, in the appearance of Closed Timelike 
Curves. 



Finally, we need to determine the solution for the scalar fields <p an d a in the presence 
of the a'-order electromagnetic field. For the only acceptable configuration, i.e. the Som- 
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Raychaudhuri generalized ansatz (|6.4j) for a magnetic field along the z-axis , eqs. ( |A.23| ), 
and (|4.5|) take the form 







d r (j)d z (f) + e 2 ^d r ad z a 
(d r (f)) 2 + e- 2<t> (d r a) 2 = , 
(d z <j)) 2 + e- 2<t> (d z a) 2 = 4V1 2 



(6.21) 
(6.22) 
(6.23) 



By taking into account the expressions ( |6.2|) , we conclude that each of the above terms 
involving derivatives of the axion field a as well as the term (d r (f)) 2 are of 0(a' 2 ) and they 
should be ignored. Then, eq. ( |6.22|) is trivially satisfied while eq. (|6.21|) leads once again to 
the independence of the dilaton field of the radial coordinate r. Eq. (|6.23| ) reveals the fact 
that the dilaton field is linearly dependent on the coordinate z leading to the result 



bo + 0i z (l + 



a'Q 2 
4g 2 m 



(6.24) 



Since the Einstein's equations can give us no information on the form of the axion field, 
we turn to the corresponding equation of motion ( |2.8|) . The combination FF which acts as 
a source-term in the axion equation of motion is identically zero for the ansatz (|6.4|) and, 



thus, we obtain 



+ 



d_ 

Or 



D(r) 



da(r, z) 



Or 



-2( 



b + <j> x z) da(r,z) 



dz 



. 



(6.25) 



By applying the method of separation of variables, the solution for the axion field takes the 
form 

a(r, z) = a + a'A cosh{mr) cos{mz) , (6.26) 
where Aq is an arbitrary constant and where the reality of the axion field has been demanded. 

It is worth noting that the existence of a Godel-type rotating universe, in the presence 
of interacting scalar and electromagnetic fields, is incompatible with a universe empty from 
electric and magnetic charges and currents. For instance, if we demand that the Som- 
Raychaudhuri ansatz ( |6.4| ) satisfies the source-free Maxwell's equations, we are led to the 
result C = and 



D(r) = — sin{[ir) 
A 4 



with 



Then, the line-element of the spacetime assumes the spherically-symmetric form 

ds z = dt 2 _ dr * _ dz * _ sin 2 (fir) ^ 2 



(6.27) 



(6.28) 



with the metric component g w = —D 2 {r) being always negative and, thus, excluding the 
presence of Closed Timelike Curves. Near the origin D(r) ~ r and the above line-element 
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resembles the Minkowski one. Finally, from eqs. (|4.4| ) and Q4.5|) we find that the only ac- 
ceptable solution for the scalar fields is = O — const, and a = a = const, leading to their 
decoupling from the theory. The presence or not of the source terms in Maxwell's equa- 
tions affects the form of the metric function C(r) and thus the structure of the spacetime : 
while in the source-free case, the system of equations accepts only spherically-symmetric 
line-elements with no CTC's and a positive cosmological constant, in the source-full case, 
axially-symmetric Godel-type solutions, that are characterized by a negative cosmological 
constant and the presence of CTC's, arise. Moreover, in the former case, the scalar fields 
are decoupled from the gravito-magnetic system, while, in the latter case, a first-order, in 
a', solution for the scalar fields was found that completes the zero-order solution found in 
section 3. 

Let us, finally, note that, in the neutral case studied in section 3, the negative sign of 
the cosmological constant was dictated by the relation C' 2 = — 2A D 2 and the reality of the 
metric functions. In all the charged cases, however, considered in this article, there was no 
constraint on the sign of A. Due to the fact that the original Godel solutions were derived for 
a negative cosmological constant, we chose A to have a negative sign in these cases, too. We 
would like to stress that Godel-type solutions arise also for a positive cosmological constant. 
In this case, the conditions (14.61) take the form 



D" C 

— = const. = -2A = -/i 2 , — = const. = 2Q (6.29) 
D D y ' 

and are still satisfied by all the configurations of the electromagnetic field considered in 
sections 4, 5 and 6. However, the solution for the spacetime line-element, now, has the form 



ds 5 



4S1 , 2/ ur s , 
at -\ - sm (—) dip 



sin (fxr) 



dr 2 - dz 2 ^ dip 2 (6.30) 

fi 2 



and the relations ( |4.21| ), (5.1) and ( 6. 20] ) between the fundamental parameters of the theory 



are modified with m 2 being replaced by — fi 2 . The g w component of the Godel metric ( |6.30| ) 
is given by 

g w = --sin 2 {^-) |l- [} ' 



1 + ~W) Sm * 2 



(6.31) 



_4 . 2 ^/i7\ 

and it is easy to see that the sign of the expression inside the brackets changes from positive 
to negative and vice versa in a harmonic way giving rise to successive causal and acausal 
regions in spacetime. This behaviour was originally found in the case of a, minimally-coupled 
to gravity, electromagnetic field || and, subsequently, in the framework of other theories as 
well IIF 



7 Conclusions 

In this paper, we have addressed the question of the existence of axially-symmetric Godel- 
type solutions in the framework of gravitational theories formulated in a way similar to 
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the one-loop superstring effective theory. The incorporation of minimally-coupled to gra- 
vity scalar fields as well as a non-vanishing electromagnetic field, either minimally or non- 
minimally coupled to gravity, was proved to be consistent with the concept of Godel-type 
rotating universes. The coupling functions of the electromagnetic field were assumed to be 
zero, constant, space-dependent or field-dependent with various consequences each time on 
the structure of spacetime and the solution for the scalar fields. 

In the absence of an electromagnetic field, the system of the four scalar fields of the 
superstring effective theory, all minimally-coupled to gravity, was studied in an axially- 
symmetric background. Assuming also a vanishing cosmo logical constant, the above system 
inevitably leads to a spherically-symmetric spacetime background and to the decoupling of 
the scalar fields from the theory. Once a non-vanishing, negative value for the cosmological 
constant is assumed, an axially-symmetric solution for the spacetime of a Godel type does 
arise with the scalar fields either depending linearly on the z coordinate or adopting a 
constant value. The resulting solution for the spacetime is an "extreme" Godel-type universe 
with the fundamental parameters of the theory satisfying the relation : 4f2 2 = m 2 . It is 
exactly this relation that ensures the non-existence of Closed Timelike Curves and the non- 
violation of causality in our Godel-type universe. However, as it is known in the literature, 
this spacetime solution is "on the verge" of displaying the breakdown of causality which 
is realized when 4f2 2 becomes even slightly larger that m 2 . The introduction of multiple, 
minimally-coupled to gravity, scalar fields is straightforward leaving the solution for the 
spacetime unchanged. 

Next, we studied the charged case, and the corresponding equations of motion were re- 
written in a convenient way which allowed us to determine first the solution for the metric 
functions in terms of the electromagnetic ansatz considered each time and subsequently the 
solution for the scalar fields. We started with the case of minimally-coupled electromagnetic 
and scalar fields assuming constant values for the two coupling functions fa and f^. The 
gravito-electromagnetic system was examined thoroughly, in the presence of a negative cos- 
mological constant, and apart from the two solutions already known in the literature, the 
Som-Raychaudhuri solution and the Rebougas solution, two new configurations were deter- 
mined. They follow from the aforementioned solutions once one interchanges the indices r 
and z in the non-vanishing components of the electromagnetic field. The invariance of the 
equations of motion under this interchange results in the fulfillment of the Godel conditions 
by these new ansatzes as well. As a result, a Godel-type rotating universe emerges but, 
now, the relation between the fundamental parameters of the theory has become 40 2 > m 2 . 
This means that Closed Timelike Curves appear for a certain range of the radial coordinate 
and the causality is violated. The introduction of the electromagnetic field has evidently 
destroyed the fragile balance between the violation and the conservation of causality that 
characterized the neutral case. On the other hand, the scalar fields assume a form sim- 
ilar to the one found in the neutral case due to the absence of any interaction with the 
electromagnetic field. 

The more physically favoured ansatz of a constant magnetic field along the rotation axis 



19 



and a radial electric and magnetic component was studied next. This specific ansatz follows 
from the anticipated distribution of magnetic and electric charges and currents in a rota- 
ting universe : point-charges that create current loops around the rotation axis and a static 
distribution of electric and magnetic monopoles along the same axis. For such a configu- 
ration, the Godel conditions are again fulfilled and the Maxwell's equations are satisfied as 
long as we assume that both of the coupling functions f 3 and / 4 have the same dependence 
on the radial coordinate. Then, a Godel-type solution for the spacetime does arise which 
is again characterized by the violation of causality and the appearance of Closed Timelike 
Curves. The incorporation of minimally-coupled scalar fields although straightforward and 
compatible with the above results can not restore the causality in the universe. 

Finally, the coupling functions f'3 and / 4 were assumed to have the field-dependent form of 
the superstring effective theory. In this case, there is a non-trivial coupling between the scalar 
fields of the theory and the electromagnetic field. The possible configurations of the electro- 
magnetic field that could lead to a Godel-type rotating universe were re-examined. Several 
such configurations were found but only one of them, the generalized Som-Raychaudhuri 
ansatz of a magnetic field along the rotation axis, managed to satisfy the Godel conditions 
and the corresponding source-full Maxwell's equations at the same time. Once again, the 
relation 4f2 2 > m 2 , that holds in this case too, leads to the appearance of Closed Timelike 
Curves. The non-trivial coupling between the scalar fields and the electromagnetic field, 
although not able to restore the causality, leads to different results for the scalar fields and 
especially for the axion field a. While the dilaton field depends only linearly on the z- 
coordinate as in the previous cases, the axion field abandons the constant value adopted so 
far and assumes a form which strongly depends on both r and z coordinates. 

In conclusion, a charged, string-inspired, gravitational theory of scalar and electromag- 
netic fields of the form considered in this article always accepts axially-symmetric Godel-type 
solutions in the presence of a non- vanishing, negative cosmological constant. Godel-type so- 
lutions arise also in the charged case with a positive cosmological constant, however, they are 
shown to lead to successive causal and acausal regions in spacetime. Only in the neutral case, 
where we ignore the electromagnetic field, we are able to ensure the non-violation of causal- 



ity in the universe in agreement with previous results by Barrow and Dabrowski fll8[ . Once 
the electromagnetic field is introduced, the emergence of the Godel-type solution is always 
accompanied by the appearance of Closed Timelike Curves and the violation of causality. 
However, the realization of the causally-ill Godel solutions in the universe should be impeded 
by physical reasons. The uniformity of the Cosmic Microwave Background Radiation, as dic- 
tated by the COBE data, leads to the conclusion that the rate of the rigid rotation of our 
universe, if existent at all, should be extremely small. On the other hand, there is only weak 
indication for a global charge in the universe with the bulk of astrophysical objects being 
neutral. As a result, it is highly improbable that our universe would adopt the geometry of 
a Godel cosmological solution, thus, excluding the possibility of the appearance of Closed 
Timelike Curves and the violation of causality. Finally, an interesting question that still 
remains open is what is the effect of the higher-order perturbative terms in a' on the causal 
pathologies of the Godel-type solutions derived in the framework of the superstring effective 
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action. It is rather plausible that the presence of these terms, even if it is not capable of 
resolving the appearance of CTC's, would render the stringy Godel-type solutions unstable, 
thus, depriving them from any physical significance. 
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Appendix: Useful formulae and equations 

For the axially-symmetric ansatz (|2.6|) for the metric tensor of the universe, we find the 
following results for the non-vanishing components of the fully-covariant curvature tensor 



''fiupa 



R - °' 2 R - C °' 2 (A 1) 

C" CC' 2 CD' 

JMrrip — 2 4£)2 ' 2D ' JXt <P t <P ~ ^ ' K 1 ^-^) 



= CC"- DD" + \c' 2 + ^ - S^£. , (A.3) 



the Ricci tensor R 
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R w = -CC" + DD" - — - — — + — — , (A.5) 



C" c 
~2~ 2D 

and the scalar curvature R 



Rt. = -^-7^- 2 {CC'-DD>) (A.6) 



2D" C u 
~D~ + 2D 2 

respectively. By using the above expressions, the non-vanishing components of the Einstein 
tensor G^ u are the following 

3 C' 2 D" C' 2 
Gtt ~ ~4 + 77 ' Grr ~ 'W 2 ' ( ^ 
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r rr» + C2D " C " ^C^ CCD' 
G VV --CC +— i Id^ + — d - ' ^ 



C 2 D" 

G- = 4^ - ^ • (A.10) 



C" CD" 3CC" 2 CD' 
G,„ = -- + — -_ + — . (A.11) 



If we assume that, due to the symmetry of the line-element of the spacetime, the scalar 
fields depend only on r and z, the corresponding components of the energy-momentum tensor 



T s take the form 



T? t = \ { {d r 4f + {d z <P? + e" 20 [ {d r af + {d z af ] + 3 [ (d r a) 2 + (d z a) 2 ] + 

3e- 2 °i(d r b) 2 + (d z b) 2 ]} , (A.12) 

T s rz = i I d r (p d z <p + e" 2 ^ d r a d z a + 3 d r a d z a + 3e~ 2<J d r b d z b J , (A. 13) 

K = \ { (5 r 0) 2 - + [ (d r a) 2 - (d z a) 2 ] + 3 [ (9 r( x) 2 - (d z a) 2 ] + 

3e- 2 °[(d r b) 2 -(d z b) 2 }} , (A.14) 
TL = ~T: r , = (C 2 — D 2 ) T t s t , T s ^ = CT s tt . (A.15) 

In the presence of a non-vanishing electromagnetic field, the Einstein's equations take the 
form 

-\ ^ + ^ + A + 4/3 (<Ti£ + + <Ti£ - ^) = -T- , (A.16) 

( "" - A + 4/ 3 (g tt F 2 + g zz F 2 z + + 2g^F tr F w + ^) = -T r s r , (A.17) 



C /2 D „ 



4L> 2 £> 



- A + 4/ 3 (g tt F 2 t + g rr F 2 r + sTF% + 2g^F zt F z ^ + — ) = -T^ , (A.18) 



„„„ C 2 D" C" 2 3C 2 C" 2 CCD' k „ 
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+ 4/ 3 + g Tr F 2 r + g zz F 2 z - — (C 2 - D 1 



-T 



(A.19) 



C" CD" ZCC' 2 CD' 

T + ~D 4D^ + ^D~ + AC 



+ 4/ 3 (g rr F tr F w + g zz F tz F vz - g tlf F 2 9 --C) = -7* , (A.20) 



^F teJ P„ + g w F t ^ + ^F^F rt = 



<T + g^F tip F zip + g^F ttp F zt = 



(A.21) 
(A.22) 



4/3 \g tt F rt F zt + g^F r(p F zip + g t(f> (F rt F zip + F 2t F r¥ 



g tt F rt F vt + # 2: + g ttp F rv F vt = , 



/'i^t + g rr F zr F vr + g^F^t = 



(A.23) 
(A.24) 
(A.25) 



where F 2 = F^ u Fa V is given by 



(g t(p F tip ) 2 - 2g^(F tr F w + F tz F vz 



(A.26) 



and denotes the energy-momentum tensor of the scalar fields given above. 



In the charged case, the components of Einstein's equations are supplemented by a set of 
four additional equations, the Maxwell's equations, that come from the equation of motion 
of the electromagnetic field (|2.12 ) and have the form 



+ -d z \f 3 (D - C 2 ) F zt + CF Z ^ \ - d z (UF rv ) = , (A.27) 



Dd z (f 3 F zr )-d z (f 4 F tv )=0 



(A.28) 
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d r (Df 3 F rz )+d r (f 4 F tip )=0, 



(A.29) 



d r {jj (F rv - C F rt ) } + 1 d z {/ 3 (f^ - C F 2t ) J 

- <9 r (/ 4 F te ) + <9 2 (/ 4 F tr ) = . (A.30) 

As a result, any solution for the metric functions C{r) and D(r) and the various components 
of the electromagnetic field has to satisfy also the above four equations. 
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